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HLIB Physics 4

Your notes

Simple Harmonic Motion
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Describing Oscillations

Properties of Oscillations

= Anoscillationis defined as follows:
The repetitive variation with time t of the displacement x of an object about the

equilibrium position (x = 0)

DISPLACEMENT
| x (m) B

7 ><0 T =~
3 N
’ \
PR X =0

A pendulum oscillates between A and B. On a displacement-time graph, the oscillating motion of the
pendulum is represented by a wave, with an amplitude equal to xo

= Aparticle undergoing an oscillation can be described using the following properties:

= Equilibrium position (x = 0) is the position when there is no resultant force acting on an object
= Thisis the fixed central point that the object oscillates around

= Displacement (x) is the horizontal or vertical distance of a point on the wave fromits equilibrium

position

= |tisavectorquantity
= |tcanbe positive ornegative depending on which side of the oscillationitis
= |tismeasuredin metres(m)

= Period (T) ortime period, is the time interval for one complete oscillation measuredin seconds (s)
= |fthe oscillations have a constant period, they are said to be isochronous
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Diagram showing the time period of a wave

= Amplitude (xp) is the maximum value of the displacement on either side of the equilibrium
position
= Amplitude is measured in metres (m)
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When the pendulumais in its extreme position this is its amplitude

= Frequency (f) is the number of oscillations per second and itis measuredin hertz (Hz)

1

= Hzhasthe Slunits persecond s because f = —= see below

T

= Angular frequency (w) is the rate of change of angular displacement withrespect to time
= |tismeasuredinradians persecond(rads-)
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@ Worked example ,

. , _ Your notes
The diagram below shows plane waves on the surface of water at a particularinstant. Aand B are two
points on the wave.

Direction of travel of waves

Determine:
(a) The amplitude
(b) The wavelength

Answer:

A. THE AMPLITUDE

MAXIMUM DISPLACEMENT FROM THE EQUILIBRIUM POSITION

750 mm +2 =3.75 mm

B. THE WAVELENGTH

DISTANCE BETWEEN POINTS ON SUCCESSIVE OSCILLATIONS
OF THE WAVE THAT ARE IN PHASE

FROM DIAGRAM: 255m=3% WAVELENGTHS

h=OpNEE 3% =66 cm
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O Examiner Tip
Your notes

When labelling the amplitude and time period on a diagram:

= Make sure that your arrows go from the very top of a wave to the very top of the next one

= |fyourarrowis too short, you will lose marks
= The same goes forlabelling amplitude, don’t draw an arrow from the bottom to the top of the

wave, this will lose you marks too.
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Calculating Time Period of an Oscillation

= Thisequationrelates the frequency and the time period of an oscillation:

FREQUENCY (HZ)%‘

f=

1
=

PERIOD (S)

The equation linking time period and frequency

= Angular frequency (w) can be calculated using the equation:

_Zn_zf
W= T—n

= Where:
» w=angularfrequency (rads™)
= 27 =circumference of acircle
= T=time period(s)
= f=frequency of oscillation (Hz)

= The angular displacement of objects in oscillation can be determined by matching the displacement

to an objectin circular motion:

= Aftermoving from one amplitude position x = -A to the equilibrium position x = 0 the mass on the

1 1

spring has moved an angular displacement of —~ of acircle= — X 271 = 3 radians

4 4

= Continuing the oscillation from the equilibrium position to the other amplitude position the

angulardisplacementis also =5~ radians

2

= Continuing the oscillation back to the starting point means the mass travels a furtherangular

displacementof —— + —— = TTradians

2 2

= Hence, the total angular displacement in one oscillationis 7T + 1T = 2 TT radians
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The motion of an oscillating object can be analysed in terms of a fraction of an object in circular
motion

@ Worked example

A child on a swing performs 0.2 oscillations per second.
Calculate the time period of the oscillation.
Answer:

Step 1: Write down the known quantities

Frequency, f=0.2Hz

Step 2: Write down the relationship between the period T and the frequency f

Step 3: Substitute the value of the frequency into the above equation and calculate the period

T=E=5.0S
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@ Worked example

Acuckooinacuckoo clock emerges from a fully compressed position to a fully extended positionin
1.5seconds.

Calculate the angular frequency of the cuckoo as it emerges from the clock.
Answer:
Step 1: Consider the motion of the cuckoo

= The cuckoo goes from being fully compressed to fully extended which means that it travels for
an angular displacement of half a circle and not a full circle
= So, the angulardisplacementwillbe
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Step 2: Substitute into the equation for angular velocity and time period

27 TU 1
W= T = 15 =2.09rads

Step 3: State the final answer

= The angularfrequency of the cuckoo as it emerges fromthe clockis 2.1rad s (2s.f.)
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Simple Harmonic Motion (SHM)

Conditions for Simple Harmonic Motion

= Simple harmonic motion (SHM) is a specific type of oscillation where:

There is repetitive movement back and forth through an equilibrium, or central, position, so the
maximum horizontal or vertical displacement on one side of this position is equal to the maximum
horizontal or vertical displacement on the other

The time interval of each complete vibrationis the same (periodic)

The force responsible for the motion (restoring force) is always directed horizontally or vertically
towards the equilibrium position and is directly proportional to the distance fromiit

Examples of SHM

= Examples of oscillators that undergo SHM are:

The pendulum of a clock

Achildonaswing

The vibrations of a bowl

Abungeejumperreaching the bottom of his fall
Amassona spring

Guitar strings vibrating

Arulervibrating off the end of a table

The electronsin alternating current flowing through a wire
The movement of a swing bridge when someone crosses
Amarble droppedinto abowl
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EXAMPLES OF SHM ,
Your notes
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Examples of objects that undergo SHM

Modelling SHM

= Not all oscillations are as simple as SHM
= Thisisaparticularly simple kind
= |tisrelatively easy to analyse mathematically
= Many othertypes of oscillatory motion can be broken downinto a combination of SHMs
= Anoscillationis defined to be SHM when:
= The accelerationis proportional to the horizontal or vertical displacement
= The accelerationisin the opposite direction to the displacement (directed towards the
equilibrium position)
= Thetime period of oscillationis independent of the amplitude of the oscillation, for small angles of
oscillation
= So, foracceleration a and horizontal displacement x
a«-x

= Youwill berequired to perform calculations on and explain two models of simple harmonic motion:
= Asimple pendulum oscillating from side to side attached to a fixed point above
= Amass-spring system oscillating vertically up and down or horizontally back and forth
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Force, acceleration and displacement of a simple pendulum in SHM
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Force, acceleration and displacement of a mass-spring systemin SHM
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An Example of not SHM ,

= Apersonjumpingonatrampoline is not an example of simple harmonic motion because: Your notes
= Therestoring force on the personis not proportional to their displacement from the equilibrium
position and always acts down
= Whenthe personis notincontact with the trampoline, the restoring force is equal to their weight,
whichis constant
= Thisdoes not change, evenif they jump higher

The restoring force of the person bouncing is equal to their weight and always acts downwards
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@ Worked example ,

. . . o . , _ Your notes
Explain why a personjumping on a trampoline is not an example of simple harmonic motion.

Answer:
Step 1: Recall the conditions for simple harmonic motion

= The conditionsrequired for SHM:
= Therestoring force/accelerationis proportional to the displacement
= Therestoring force/accelerationisin the opposite direction to the displacement
Step 2: Consider the forces in the scenario given

= Whenthe personis notin contact with the trampoline, the restoring force is equal to their weight,
whichis constant
= Thevalue of their weight does not change, evenif they jump higher (increase displacement)
Step 3: Write a concluding sentence

= Therestoring force onthe personis not proportional to their distance from the equilibrium
position, therefore, this scenario does not fulfil the conditions for SHM
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The Defining Equation of Simple Harmonic Motion
= The acceleration of an object oscillating in simple harmonic motionis given by the equation:
= —u)ZX

= Where:
= a=acceleration(ms?)
= w=angularfrequency (rads™)
= x=displacement (m)

= The equation demonstrates:
= Accelerationreaches its maximum value when the displacementis at amaximum, i.e. x = xp atits
amplitude
= The minus sign shows that when the object is displaced to the right, the direction of the
accelerationis to the left and vice versa (a and x are always in opposite directions to each other)

= Considerthe oscillation of a simple pendulum:
= The bob accelerates as it moves towards the midpoint
= Velocity is at amaximum when it passes through the equilibrium position
= The pendulum slows down asit continues towards the other extreme of oscillation
= v=0atx,asitchangesdirection
= The pendulum thenreverses and starts to accelerate again towards the midpoin

Graphical Representation of SHM

= Thedisplacement, velocity and acceleration of an object in simple harmonic motion can be
represented by graphs against time
= Allundamped SHM graphs are represented by periodic functions
= Thismeansthey canall be described by sine and cosine curves

= Youneedtoknow what each graph looks like and how it relates to the other graphs
= Rememberthat:

S

= Velocityistherate of change of displacement V. = —
Av
= Accelerationis the rate of change of velocity & = _t

Graphs that Start at the Equilibrium Position

= When oscillations start from the equilibrium position, then:
= Thedisplacement-time graphis a sine curve
= The velocity-time graphis the gradient of the displacement-time graph, so a cosine graph
and 90° out of phase with the displacement-time graph
= The acceleration-time graphis the gradient of the velocity-time graph, so a negative sine graph
and 90° out of phase with the velocity-time graph
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= Moreinformation on this can be foundinthe IB DP Maths Differentiating Special Functions on

trigonometric differentiation
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The displacement, velocity and acceleration graphs in SHM are all 90° out of phase with each other
Graphs that Start at the Amplitude Position

= \When oscillations start from the amplitude position, then:
= Thedisplacement-time graphis a cosine curve
= The velocity-time graphis the gradient of the displacement-time graph, so a negative sine
graph and 90° out of phase with the displacement-time graph
= The acceleration-time graphis the gradient of the velocity-time graph, so a negative cosine
graph and 90° out of phase with the velocity-time graph
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The displacement, velocity and acceleration graphs in SHM are all 90° out of phase with each other
Relationship Between Graphs

= Key features of the displacement-time graphs:
= The amplitude of oscillations A is the maximum value of x
= Thetime period of oscillations Tis the time taken for one full wavelength cycle

= Key features of the velocity-time graphs:
= Thevelocity of an oscillator at any time can be determined from the gradient of the
displacement-time graph:

AX
vV=—
At

= Key features of the acceleration-time graph:
= Theaccelerationgraphis areflection of the displacement graph on the x-axis
= This means when a mass has positive displacement (to the right), the accelerationisin the
opposite direction (to the left) and vice versa (from a = —w?x)
= Theacceleration of an oscillator at any time can be determined from the gradient of the velocity-
time graph:
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@ Worked example ,

Your notes
x/cm/\
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The swing exhibits simple harmonic motion.
Use data from the graph to determine at what time the velocity of the swing is first at its maximum.
Step 1: The velocity is atits maximum when the displacement x =0

Step 2: Reading value of time whenx =0
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x/cm
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0 0.1 0.7 0.8

t/s

From the graph, thisisequalto 0.2s

O ExaminerTip

The defining equation of SHM shows acceleration, as a positive value, and displacement, -xas a
negative one. Thisreminds us that acceleration and displacement are vector quantities and are always
inthe opposite direction to each otherin SHM.

Since displacement is a vector quantity, remember to keep the minus sign in your solutions if they are
negative. Getting the marks will depend on keeping your positive and negative numbers distinct from
each other! Also remember that your calculator must be in radians mode when using the cosine and
sine functions. Thisis because the angular frequency v is calculated inrad s, not degrees.

These graphs might not look identical to what is in your textbook, because they depend on the starting
position of the oscillation of the object whent = O. If there is no damping, they will be a sine or cosine
curve.
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Time Period of a Mass-Spring System &/

Your notes

Time Period of a Mass-Spring System

= Amass-spring system consists of a mass attached to the end of a spring
= The equation for the restoring force (the force responsible for the SHM)is Fy = - kx
= Thisisthe same as the equation forHooke's Law

EQUILIBRIUM
POSITION

= Thetime period of amass-spring systemis given by:

Page 23 of 63

© 2015-2024 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.com/dp/physics/hl/25/revision-notes/space-time-and-motion/forces-and-momentum/hookes-law/
https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

= Where:
= T=time period(s)
= m=massonthe end of the spring (kg)
= k=springconstant(N m

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

= Thisequation applies to both horizontal and vertical mass-spring systems:

m

A mass-spring system can be either vertical or horizontal. The time period equation applies to both

= The equation shows that the time period and frequency, of a mass-spring system, does not depend on

the force of gravity

K

]

\Q9Q

| HORIZONTAL |

= Therefore, the oscillations would have the same time period on Earth and the Moon

= Thehigherthe spring constantk, the stiffer the spring and the shorter the time period of the oscillation
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@ Worked example

A200 gtoy robotis attached to a pole by a spring, which has a spring constant of 90 Nm='and made
to oscillate horizontally.

Calculate:

(a) The force that acts on the robot when the springis extended by 5 cm.
(b) The acceleration of the robot whilst at its amplitude position.

Answer:
(a)

= Consider the motion of the robot at the equilibrium and stretched (amplitude) positions:

RESTORING FORCE AT EQUILIBRIUM POSITION

RESTORING FORCE,F =0
———> ROBOT MOVING TO RIGHT

RESTORING FORCE AT
STRETCHED POSITION

— }F:RE=S'I_'kOXRING FORCE,

) ROBOT MOVING
SLOWER

|
[TTTTTTTTTTIrTr T vo T ]

|

e —

| X

|

= Therestoring forceis given by

= Using:
= Extension,X=5cm=0.05m
= Spring constant, K=90Nm"!
F=-90x0.05=-45N

= Aforce of 4.5 Nwillact on the robot, trying to pullit back towards the equilibrium position.
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(b) /

= Newton's secondlawrelates force and acceleration by Your notes
F = ma

= Using:
= Mass,m=200g=0.2kg

F —45
a= "=

—— - _225ms2
m 0.2

= Therobotwill decelerate at arate of 22.5 m s~2when at this amplitude position

@ Worked example

Calculate the frequency of amass of 2.0 kg attached to a spring with a spring constant of 0.9 Nm-!
oscillating with simple harmonic motion.

Answer:
Step 1: Write down the known quantities

= Mass,m=2.0kg
= Spring constant,k=0.9Nm"
Step 2: Write down the equation for the time period of a mass-spring system

T=2m| 2

Step 3: Combine with the equation relating time period T and frequency, f

1 5 m p 1 k
s k 21\ m
Step 4: Substitute in the values to calculate frequency
- 1 0.9
2T 2

Frequency: f=0.11Hz
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O Examiner Tip /

Your notes
Another area of physics where you may have seen the spring constant kis from Hooke's Law. Exam

questions commonly merge these two topics together, so make sure you're familiar with the Hooke's
Law equation too.

In the second worked example, the frequency calculated is the natural frequency of the mass-spring
system, aconcept that comes up in the topic of resonance.
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Time Period of a Simple Pendulum /
Your notes
Time Period of a Simple Pendulum

= Asimple pendulum consists of a string and a bob at the end
= Thebobisaweight, generally spherical and considered a point mass
= The bob movesfrom side to side
= The stringis light and inextensible remaining in tension throughout the oscillations
= Thestringis attached to a fixed point above the equilibrium position
= The time period of a simple pendulum for small angles of oscillationis given by:
= Where:

L
T = Zm/ —
g
= T=timeperiod(s)

= [ =length of string (from the pivot to the centre of mass of the bob) (m)
= g =gravitational field strength (N kg™

‘CENTRE
OF MASS

A simple pendulum

= Thetime period of a pendulum depends on gravitational field strength

= Therefore, the time for a pendulum to complete one oscillation would be different on the Earth and
the Moon

Small Angle Approximation

= This formula for time periodis limited to small angles (6 <10°) and therefore small amplitudes of
oscillation from the equilibrium point

= Therestoring force of a pendulumis equal to the component of weight acting along the arc of the
circle towards the equilibrium position
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= |tisassumedtoactatanangle 6to the horizontal ,

= Using the small angle approximation: sin 6 = 6
Your notes

Forces on a pendulum whenitis displaced. Assuming 6 < 10°, the small angle approximation can be
used to describe the time period of a simple pendulum
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@ Worked example

A swinging pendulum with alength of 80.0 cm has a maximum angle of displacement of 8°.
Determine the angular frequency of the oscillation.

Answer:

Step 1: List the known quantities

= | engthofthe pendulum,L=80cm=0.8m
= Acceleration due to gravity,g=9.81ms2
Step 2: Write down the relationship between angular frequency, w, and period, T

_27‘[
T o

Step 3: Write down the equation for the time period of a simple pendulum

L
T=2m| —
g

= This equationis valid for this scenario since the maximum angle of displacementisless than10°

Step 4: Equate the two equations and rearrange for w

2T /L /g
— =2m)— = o=
0] g L

Step 5: Substitute the values to calculate w

9.81

——— =3.50rads"!
0.8

a):

Angular frequency: w=3.5rads™

= Note: angular frequency wis also known as angular speed or velocity
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Energy Changes in Simple Harmonic Motion (SHM) /

Your notes
Energy Changes in Simple Harmonic Motion

= Simple harmonic motion also involves an interplay between different types of energy: potential and
kinetic

= The swinging of a pendulumis aninterplay between gravitational potential energy and kinetic
energy

= The horizontal oscillation of a mass on a springis aninterplay between elastic potential energy
and kinetic energy
Energy of a Horizontal Mass-Spring System

= The system has the maximum amount of elastic potential energy when held so the stringis stretched
beyondits equilibrium position

= Whenthe massisreleased, it moves back towards the equilibrium position, accelerating as it goes so
the kinetic energy increases

= Atthe equilibrium position, kinetic energy is at its maximum and elastic potential energy is at its
minimum

= Once past the equilibrium position, the kinetic energy decreases and elastic potential energy
increases
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s

Your notes
KE= max
MAAAAAAAAAAA EPE=0
KE=0
ll“'""’“"“‘"‘"‘" EPE = qu
KE=0
MAAAAAAAAAAA EPE = max

In a horizontal mass-spring system the kinetic energy is maximum in the equilibrium position and the
elastic potential energy is maximum in the amplitude position

Energy of a Simple-Pendulum

= At the amplitude at the top of the swing, the pendulum has a maximum amount of gravitational
potential energy

= Whenthe pendulumisreleased, it moves back towards the equilibrium position, accelerating as it
goes so the kinetic energy increases

= Asthe height of the pendulum decreases, the gravitational potential energy also decreases

= Once the mass has passed the equilibrium position, kinetic energy decreases and gravitational
potential energy increases
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4

Your notes

MAXIMUM DISPLACEMENT
KE =0
GPE = max

MAXIMUM DISPLACEMENT
KE =0
GPE = max

EQUILIBRIUM POSITION
KE = max
GPE=0

In a simple pendulum system the kinetic energy is maximum in the equilibrium position and the
gravitational potential energy is maximum in the amplitude position

Total Energy of an SHM System

= The total energy in the system remains constant, but the amount of energy in one form goes up while
the amountin the other form goes down

= This constant total energy shows how energy in a closed system s never created or destroyed; itis
transferred from one store to another

= Thisis the law of conservation of energy

The total energy of a simple harmonic system always remains constant and is equal to the sum of the
kinetic and potential energy

= Thetotal energy is calculated using the equation:
E-= Ep + EK

= Where:
= E=totalenergyinjoules(J)
= Fp=potential energyinjoules (J)
= Fy=Kkinetic energyinjoules(J)
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= Rememberthe equations for potential and kinetic energy: /
= Gravitational potential energy: Ep = mgh
1 Your notes
= Elastic potential energy, Ep = Ekxz
|
= Kinetic energy, Ex = EIHV2

Energy-Displacement Graph

= Thekinetic and potential energy transfers go through two complete cycles during one period of
oscillation
= One complete oscillation reaches the maximum displacement twice (on both the positive and
negative sides of the equilibrium position)
= You need to be familiar with the graph showing the total, potential and kinetic energy transfers in half
an SHM oscillation (half a cycle)

TOTAL ENERGY ENERGY /\
ALWAYS REMAINS
CONSTANT
| |
| i [ POTENTIAL
| : ENERGY
| |
| |
| |
| ' (KINETIC
| " TENERGY
| |
| |
| |
|
S
~-A 0 A “X
PE CONVERTING | | [KE CONVERTING AMPLITUDE |
TO KE TO PE

EQUILIBRIUM

Graph showing the potential and kinetic energy against displacement in half a period of an SHM
oscillation

= The key features of the energy-displacement graph for half a period of oscillation are:
= Displacementis avector, so, the graph has both positive and negative x values
= The potential energy is always maximum at the amplitude positions x = xp, and O at the equilibrium
positionx=0
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= Thisisrepresented by a ‘U’ shaped curve ‘/
= Thekinetic energyis the opposite:itis O at the amplitude positions x = xp, and maximum at the
equilibrium positionx=0 Your notes

= Thisisrepresentedby an ‘n’ shaped curve
= Thetotal energyisrepresented by a horizontal straight line above the curves

Energy-Time Graph for a Simple Pendulum

= You also need to be familiar with the graph showing the total, gravitational potential and kinetic
energy transfers against time for multiple cycles of a simple pendulum oscillating in simple harmonic

motion
POTENTIAL
KINETIC
ENERGY /N CNERGY T
; . TOTAL
ENERGY
SEMAINS CONATANT
o pwArs IF SYSTEM IS
POSITIV
= - UNDAMPED
0 >
T ~ TIME
ENERGY CHANGES ONE COMPLETE
IN A PENDULUM CYCLE

| |
| |
IN SHM : :
| |
| |
| |

KE=max KE=0 KE=max KE=0 KE =max
PE=0 PE = max PE=0 PE=max PE=0

The kinetic and gravitational potential energy of a simple pendulum oscillating in SHM vary periodically

= The key features of the simple pendulum energy-time graph are:
= Boththe kinetic and gravitational potential energy transfers are represented by periodic
functions (sine or cosine) which vary in opposite directions to one another
= Whenthe gravitational potential energy is O, the kinetic energy is atits maximum and vice versa
= Thetotal energy is represented by a horizontal straight line directly above the energy curves at
the maximum kinetic and gravitational potential energy value
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= Energyisalways positive so there are no negative values on the y-axis (Any SHM energy graph ,

drawn with negative energy values s incorrect)
Your notes
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@ Worked example

The following graph shows the variation with displacement of the kinetic energy of an object of mass
0.50 kg oscillating with simple harmonic motion. Energy losses can be neglected.

ENERGY, E (mJ)

|
1.0 2.0 DISPLACEMENT, x (cm)

Determine:

(a) The total energy of the object

(b) The amplitude of the oscillations

(c) The maximum velocity of the object

(d) The potential energy of the object when the displacementisx=1.0cm
Answer:
(a)

= Fromthe graph, the maximum value of kinetic energy is 60 mJ
= Atthe equilibrium position (X = O) ,the total energy E is exactly equal to the maximum value of
kinetic energy
= Since energy losses can be neglected, the total energy is constant
Totalenergy: E=60m)J

(b)

= The amplitude is equal to the maximum displacement on either side of the equilibrium position
(where the kinetic energy is zero)
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Amplitude: X0 =2.0cm

(c)

= The maximum velocity can be found using the maximum kinetic energy in the equation:

| 2Ek
E =—-m? = v=4—
ko2 m
= Using:
= Massof the object, m=0.50kg
= Maximumkinetic energy, Ex=60mJ=0.06)

Maximum velocity: v=0.49ms"!
(d)

= Fromthe graph, when the displacementisx=1.0 cm, kinetic energyis Ex=50 m)J
= Therelationship between total energy E, kinetic energy Ex and potential energy Epis:
E= Ep + EK

= Therefore, the potential energy is
Ep=E- Ek

Ep=60-50=10mJ

O ExaminerTip

You may be expected to draw as well as interpret energy graphs against time or displacement in exam

questions. Make sure the sketches of the curves are as even as possible and use a ruler to draw
straightlines, forexample, to represent the total energy.
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Equations for Simple Harmonic Motion (SHM) (HL)

Equations for Simple Harmonic Motion

Summary of SHM Equations

Forabody that begins oscillating fromits equilibrium position(i.e. X = Owhent = 0),its

displacement, velocity and acceleration can be described by the equations:
X = XOSiIl wt

vV = a)xocos wt

a= — a)zxosin wt

Forabody that begins oscillating fromits amplitude position (i.e. X = XOWhent = 0),its

displacement, velocity and acceleration can be described by the equations:
X = Xx,cos ot

0
V= - a)XOsin ot
a= — wzxocos ot

The variation of an oscillator's velocity with its displacement x is defined by:

v=2%w (X02 - XZ)

This equation shows that the larger the amplitude X . of an oscillation, the greater the distance it must

0
travelin a given time period

= Hence, the fasterit travels, the closerit is to the equilibrium position
Inthe above equations, the variables are as follows:

= X =displacement of the oscillator (m)

u X0 =maximum displacement, oramplitude (m)

=V =velocity of the oscillator (m s~

= 4 =acceleration of the oscillator (m s=2)

= @ =angularfrequency (rads™)

s [=time(s)

Summary table of equations and graphs for displacement, velocity and acceleration
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Your notes

Object startsin Object starts at

centre of motion extremes of motion

Displacement X = X,sinwt X = X,cos ot

Displacement x
_‘ -
~
-..i
o

Velocity = wx,coswt V= —wX,sinwt
>X
> v = Teq(xE-x?) V= tu'\‘(x:——x‘)
3 T TANE TR
= 2 2
Acceleration o = —x,w’sinwt = —X,w?coswt
L=}
S /\ a=-?x a=-w'x
el
o
5 T T T T
aavasus
3 2 2

The Origin of the Displacement Equations

= The SHMdisplacement equation for an object oscillating from its equilibrium position (x=0 at t = O) is:
X = Xp sin (ot + @)

= Where:
= @ =phase difference (radians)=0

= Because:
= The graph of x = sin (t) starts from amplitude xp = O when the pendulumiis in the equilibrium
positionatt=0
= Thedisplacementis atits maximumwhen sin(wt) equals1or -1, whenx = xg
= Use theIBrevision notes onthe graphs of trigonometric functions to aid your understanding of
trigonometric graphs
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s

y=sinx AND y=cosx
Your notes

Sinx AND Cosx ARE ALWAYS Sinx PASSES THROUGH THE ORIGIN
IN THE RANGE -1 TO 1 Cos x PASSES THROUGH 1

y/\

y=C0S X

—180 7@0 9 R0 270 360
X 4 A y=sinX

The graph of y = cos (x) has maximum displacement whenx = 0

<V

= The SHMdisplacement equation for an object oscillating from its amplitude position (x = xpat t = O) is:
X = Xg cos (ot + P)

= The displacement will be atits maximum when cos(wt) equals 1or -1, whenx = xp
= Thisisbecause the cosine graph starts at a maximum, whereas the sine graph startsat O
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MASS ON SPRING STARTS X AN
OSCILLATING AT t=0 AT THE
EQUILIBRIUM +
0 >
\ t
X = Asinwt
X/
MASS ON SPRING STARTS \
OSCILLATING AT t=0 AT L7
+ X =Acoswt
MAXIMUM DISPLACEMENT \
E o >

These two graphs represent the same SHM. The difference is the starting position. In these graphs, the

phase differenceis ® = 0.

The Origin of the Velocity Equations in Tigonometric Form

The trigonometric equation for the velocity of an object starting from its equilibrium position (x=0 at t
=0)is:
V = WX cOSs (ot + D)

Where:
= @ =phase difference (radians) =0
This comes from the fact that velocity is the rate of change of displacement
= [tisthe differential of the relevant displacement equation from above: x = xg sin (ot + @)
The trigonometric equation for the velocity of an object starting from its amplitude position (x = xp at t
=0)is:
V= -WwXp sin (ot + @)

This is the differential of the relevant displacement equation from above: x = xg cos (ot + @)

The Origin of the Displacement-Velocity Relation

The velocity of an object in simple harmonic motion varies as it oscillates back and forth and is given by

the equation:
v = ia)A/on - x?2
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= +="plusorminus’. ,

= Thevalue canbe negative or positive
= This comes fromthe fact that accelerationis the rate of change of velocity Your notes
= When the defining equation of simple harmonic motionisintegrated using a differential equation

the above equation forvelocity is obtained
= This equation shows that when an oscillator has a greater amplitude xg, it has to travel a greater

distanceinthe same time and hence has greater speedv

Equations for Calculating Energy Changes in SHM

= Therevisionnote on Calculating Energy Changes in SHM explains the origin of these two equations for
calculating energy changes in simple harmonic motion
= Potential energy:

1
= — 2 y2
EP > mmw-x
= Total energy at the amplitude of oscillation:
E L
T3 mo°x,

= Where:
= m=mass (kg)
= w=angularfrequency (rads™)
= xo=amplitude (m)
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@ Worked example /

Your notes
The graph shows the potential energy, Ep, for a particle oscillating with SHM. The particle has mass 45

g.

EP / mJ
60 +

50 +
40 +
30 +
20 +

10+

or o ]
0 10 2.0 3.0 40 50 6.0 7.0 8.0 x2/cm?

(a) Use the graph to determine the amplitude and the period of the oscillation.

(b) Calculate the maximum speed which the particle achieves.

Answer:

(a)

Step 1: Use the graph to determine the maximum potential energy of the particle
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Ep /M E, MAX
60

50 +
40 +
30 4 Xo= MAX

DISPLACEMENT
20 +

10+

0 } f f f I I }
0 10 2.0 3.0 40 50 6.0 7.0 8.0 x2/cm?

= Maximum potential energy, Eppayx =60 m) =60 x1073)
Step 2: Determine the amplitude of the oscillation

= The amplitude of the motion XO is the maximum displacement

= Atthe maximum displacement, the particle is at its highest point, hence thisis the position of
maximum potential energy
= Fromthe graph, when Ep= 60 mJ:

x02 =8.0cm=0.08m

Amplitude: X | = v 0.08 = 0.28 m

Step 3: Write down the equation for the potential energy of an oscillator and rearrange for angular
velocity w

1
N 2., 2
EP 2ma)XO
, 2EP
0 = 3 = @@=
mx

Step 4: Substitute the known values and calculate w

= Mass of the particle,m=45g=45x10"3kg
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2% (60x 1073) 4

@= (45%1073)x0.08 = 5.77rads™ Your notes
Step 5: Determine the time period of the oscillation
_2m  2m
T e s
(b)
= The maximum speed of the oscillatoris equal to
Vmax - COXO
Vmax =5.77x0.28=1.6ms"!
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@ Worked example

Astudentinvestigated the behaviour of a 200 g mass oscillating on a spring, and produced the graph
shown.

x/ m

0.3 A

1 2 3 t/s
01T

-0.2 +

-0.3 +

(a) Determine the values foramplitude and time period
(b) Hence find the maximum kinetic energy of the oscillating mass.

Answer:

(a)

= Readthevalues of amplitude and time period from the graph
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x/ m
AMPLITUDE

0.3

0.2 T

TIME PERIOD
0.1+

1 2 3 t/s

= Amplitude, XO =0.3m

= Timeperiod,T=2.0s
(b)

Step 1: Write down the equation for the maximum speed of an oscillator

Vv = wX
max 0

Step 2: Write down the equation relating angular speed and time period

_2T[

©="r

Step 3: Combine the two equations and calculate the maximum speed

2T, 2mx0.3
Ymx T T T 20

Vv =0.942ms"!
max

Step 4: Use the maximum speed to calculate the maximum kinetic energy of the oscillating mass

= Mass of the oscillator, m=200g=0.2kg

1

= — 2
EKmaX 2 meax
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Ekmax=0.5x0.2x0.9422=0.1J /
Your notes

O Examiner Tip

There are alarge number of equations associated with SHM. Most of them are givenin the data booklet
which you will be given to use in the exam

Make sure you are familiar with the equations, as you will probably need to use several different ones to
solve the longer questions.
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4

Calculating Energy Changesin SHM (HL)
Your notes
Calculating Energy Changes in Simple Harmonic Motion

Equations for Energy in SHM

= Potential energy:

1
= — 2 v2
EP > mam*Xx
= Totalenergy:
1
- — 2y 2
ET 5 mo-x,

= Thekinetic energy-displacementrelation for SHMis:

E = %ma)z(xo2 - X2)

= Where:
= m=mass(kg)
= w=angularfrequency (rads™)
= Xo=amplitude (m)

Calculating Total Energy in SHM

= Using the expression for the velocity v of a simple harmonic oscillator that begins oscillating fromits
equilibrium position:
v = wx cos (ot + @)

0
= Where:
= phase difference,®=0
= v=velocity of oscillator (ms)
= w=angularfrequency (rads)
= Xg=amplitude (m)
= t=time(s)
= Thekinetic energy Ex of an oscillator can be written as:
E : 2
K- 5 mv
E = lm(oox CcOS (a)t))2
K 2 0
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1
E = —mw2X02 cos? (wt) /
2 Your notes

Since the maximum value of SIN (a)t) or COS (a)t) is 1, maximum kinetic energy is given by:

1
= —maw?x 2
K(max) 2 0
When the kinetic energy of the systemis at a maximum, the potential energy is zero
= Hence thisrepresents the total energy of the system
The total energy Etof a system undergoing simple harmonic motionis, therefore, defined by:

E, = 5 ma)2X02

Where:

= Er=totalenergy of a simple harmonic system (J)

= m=mass of the oscillator (kg)

= w=angularfrequency (rads™)

= Xxpo=amplitude (m)
Note: The same expression for total energy will be achieved if the other expression for velocity is used,
foran object that begins oscillation at t = O from the amplitude position:

y= - a)XOsin (wt)

Calculating Potential Energy in SHM

An expression for the potential energy of a simple harmonic oscillator can be derived using the
expressions for velocity and displacement for an object startingits oscillations when t = O in the
equilibrium position, so x = O:

X = XOSil’l (wt)

vV = X C0s (a)t)

The key to deriving this expressionis to use the trigonometric identity:
sin? (wt) + cos? (wt) = 1

In a simple harmonic oscillation, the total energy of the systemis equal to:
Total energy = Kinetic energy + Potential energy

= +
ET EK EP
The potential energy of an oscillator can be written as:
E b= E _ E X
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1 1
E_ = wmw*x 2 - Emv2 ,

P 0
2 Your notes

Substitute inforv:

1 1
E = —mw?*x? - —m(a)x

2
»= 3 0 > cos (a)t))

0

1 1

= — i’y 2 — —mmy 2e0<2
EP 2ma) X, 2ma) X,~cos (a)t)

1

= Taking out afactorof Ema)zxoz gives:

1
= —mmx 2 (1 - 2
EP 2m(o X, (1 = cos? (wt))

1
= — mmly 2cin2
EP 2ma) X,sin (wt)

E,= %mwz[xosin (a)t)]2

= SinceX = XOSin (a)t),the potential energy of the system can be written as:
E L 252
P 5 mw-x

= Since the maximum potentialenergyoccursatthemaximumdisplacement(X =X )ofthe

0
oscillation,

1
= — 2y 2
EP(maX) - 2 mao XO

= Therefore,itcanbe seenthat:
Er = Exmay) = Ep(max)
Kinetic Energy-Displacement Relation for SHM

= Using the displacement-velocity relation for SHM:

v = iw,/on—Xz

= Substitutinginto the equation for kinetic energy:
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E = lmV2 ,

K
2 Your notes

1

E = Em(w, /X02 —X2)2

= Thisleadsto the kinetic energy-displacementrelation for SHM:

1
E = Ema)z(xoz—xz)
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@ Worked example

Aball of mass 23 gis held between two fixed points A and B by two stretched helical springs, as shown
in the diagram below.

<>

The ball oscillates with simple harmonic motion along line AB. The oscillations are of frequency 4.8 Hz
and amplitude 1.5cm.

Calculate the total energy of the oscillations.
Answer:
Step 1: Write down the known quantities

= Mass,m=239g=23x10"3kg

] Amplitude,X0 =1.5cm=0.015m

= Frequency,f=4.8Hz

Step 2: Write down the equation for the total energy of SHM oscillations:

1
= — 2.2
E 2ma)xo

Step 3: Write an expression for the angular frequency
w=2nf=2m X 4.8

Step 4: Substitute values into the energy equation

1
E = 5 X (23 x 1073) x (21 x 4.8)2 x (0.015)2

Totalenergy: E=2.354x1073=2.4m)
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Phase Angles in Simple Harmonic Motion (SHM) (HL) /

Your notes

Phase Angles in Simple Harmonic Motion

= Two points on asine wave, or on different waves, are in phase when they are at the same pointin their
wave cycle
= The angle between theirwave cyclesis known as the phase angle

e !
T vy l
2 l
45° 0 !
o~ o /ﬂ o o o o) Q
180 570° 360 0°| 45 90 4180 360
T 27 T T 27
31T —_— =
2 42

The relationship between a sine wave and phase angle

= [fanoscillation does not start from the equilibrium position, then it will be out of phase by anangle of¢
= This would be compared to an oscillation which does start from the equilibrium position

= Thephaseangle ¢of anoscillation (in SHM) is defined as
The difference in angular displacement compared to an oscillator which has a

displacement of zeroiinitially (i.e. X = 0 when t = 0)

= The phase angle canvary anywhere from O to 2mradians, i.e. one complete cycle

= With the inclusion of the phase angle ¢ the displacement, velocity and acceleration SHM equations
become:

X = x,sin (ot + @)

V = X COS (ot + @)

a= — a)zxosin (ot + @)
= |ftwo bodiesin simple harmonic motion oscillate with the same frequency and amplitude, but are out

Tt
of phase by E ,then:
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= Thedisplacement of the oscillator starting from the equilibrium positionis represented by the /

equationX = Xosin wt
Your notes

Tt
= Thedisplacement of the oscillator which leads by 7 isrepresented by the equation

X=XSi1’l(a)t— 1\

0"\ 2)

DISPLACEMENT
PHASE ANGLE
T
$=3
TU
Two oscillators which are out of phase by¢ = — . The blue-dotted wave represents an oscillator

2

TU
starting from the equilibrium position and the red wave represents an oscillator leading by 7

T
= Whenasine wave leads by a phase angle of 77~ , thisis equivalent to the cosine of the wave

2

) T
X = XOSII’I (a)t — ) ) = XOCOS wt

T
= Alternatively, a sine wave canbe described as a cosine wave thatlags by

2

X=XCOS(a)t+ £)=xsincot

0 \ 2 0
= Notice:
T
= Forawave thatlags the phase differenceis +?
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T
= Forawave thatleads the phase differenceis =<~ /

2
o o , , Your notes
= Thisis the opposite sign to the one you might think.

= Toreview this concept, use the notes on the Transformation of Trigonometric Functions

How are sine and cosine functions related?

cosb —> sinb sin(wt) = cos(wt — %)
_J
2
.1_
0 >
! ANGLE, 8
|
l
-1 :
l

cosb <— sinb cos(wt) = sinlwt +%)

T
Sine and cosine functions are simply out of phase by ? radians

= The generalrules for phase shifts of sine and cosine functions are shownin the table below

Equation Phase shift
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Shifts by@ to the right
(positive direction)

Shifts by @to the left
(negative direction)

Shifts by@ to the right
(positive direction)

_ il ™ sin (ot — ¢)
_i_// i sinlwt —¢)
] -;..I
| 4¢ 1
. . o sin (ot + )
sinlwt +¢)
. coslwt —¢)
_ a - _ cos (ot — @)
i N
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coslwt +¢)

cos (wt + @)

Shifts by @bto the left
(negative direction)
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@ Worked example /

. . o . . , . , Your notes
An object oscillates with simple harmonic motion which can be described by the equation

X=X cos(a)t— 1\

07\ 2)

Which of the following graphs correctly represents this equation?

x/\ A x N\ B

Vv
~V

2T

~V

e
| | | | /t [ | |
\/4 \/!T T 2T

Answer: C

TU .
= TheequationX = X0 CcoS (a)t - ?)isequivalenttox = XO Sin (a)t)
= Thisdescribes anoscillationwhere X = QO whent = 0
= Hence, options A& D are not correct
= WhensSin (a)t) is positive, the oscillation will start moving in the + X direction
= Hence, optionBisnot correct
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@ Worked example ,

Your notes
Amass attached to a springis released from a vertical height of bmax attime t = 0.Themass

oscillates with a simple harmonic motion of period T.

The graph shows the variation of h with t.

n /N

hmax
0 \ /.\
I
0 T

~V

(a) State the equation of motion for this oscillation.
(b) A second mass-spring systemis set up and made to oscillate with the same frequency but with

Tt
aphaseangle of(,b = — —.0Onthegraph, sketch the variation of hwith t for the second

4

mass-spring system.
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Answer:
(a)
= The displacement-time equation for an oscillatorreleased from a maximum displacement has the
form
X = X,C0s wt
or
X XOSIII 0 5

T
As the graphisleading a normal sine graph by 7

» WhereX = handXx. = h
0 max

= Angularfrequency @ is equal to
2T

®=r

= Therefore, the equation of motion for this oscillationis:

h = bmaxcos (2—; )

or
h=h_sin (2—;t - %)

(b)

= One complete oscillationis equivalent to 2mrad
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h/

h max

-V

= Aphaseangle of¢ = — — corresponds to a shift to the right (positive direction)

4
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